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A SUPPLEMENTARY MEMOIR ON THE PROBLEM OF DISTURBED 
ELLIPTIC MOTION. 


[From the Memoirs of the Royal Astronomical Society, vol. xxvi. pp. 217—234. 
Read January 12, 1860.] 


THE present memoir contains an investigation upon fundamentally different principles 
of a system of formule given in my “Memoir on the Problem of Disturbed Elliptic 
Motion,” Ast. Soc. Mem. t. XXVII. pp. 1—29 (1858), [212]; it is shown how the formule 
are deduced by means of the general equations of the Mécanique Analytique, from the 
expression for the Vis viva function T, in terms of the coordinates (r the radius 
vector, p the departure) of the body in its instantaneous orbit, viz, the ultimate form 
of this function is Tdt?=4(dr?+7r%dp*), but T contains in the first instance terms, not 
identically vanishing, but which are to be equated to zero, thus furnishing equations 
of the problem which could not be obtained from the foregoing ultimate form of T. 
The investigation throws, I think, a further light upon the system of formule, and 
completes the development which I was anxious to give of the dynamical problem. 
I have been a great deal indebted, in the composition of the memoir, to a corre- 
spondence some time ago with Professor Donkin on the general subject. 


The word orbit is used to denote a great circle of the sphere, and it is assumed 
that in any orbit there is an origin of longitudes; the angular position of a body in 
reference to the orbit is determined by the longitude and latitude. It is ultimately 
assumed that the longitude is measured from an origin which is what I have called 
a departure-point; viz, in the general case of a variable orbit the departure-point is 
the point of intersection of the orbit by any orthogonal trajectory of the successive 
positions of the orbit: this includes the ease of a fixed orbit, where the departure- 
point is simply a fixed point. As regards points in the orbit, the word departure may 
be used instead of longitude. In the present memoir the origin is in the first instance 
taken to be, not a departure-point, but an arbitrarily varying point of the orbit. 
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The mutual position of any two orbits whatever, say the position of an orbit 
ay’ and of the origin x’ therein, in reference to the orbit «y and the origin æ therein, 
is determined by 


0, the longitude of node, 
c, the departure of node, 


$, the inclination, 


where the expression departure of node is used by way of distinction from longitude 
of node, the departure referring to the orbit s'y’ and origin a’, the positions of which 
are to be determined, and the longitude to the orbit of reference zy and origin a. 
And this distinction will be preserved throughout. It should be recollected that it is 
not as yet assumed that the origins are departure-points. 


Consider now a fixed orbit ay, and fixed origin æ therein, and suppose that the 
orbit z,y, and origin æ, therein are determined in reference to the orbit ay, and origin 
€, therein, by 

0', the longitude of node, 
o’, the departure of node, 


¢’, the inclination, 


the orbit ay, and origin æ, therein, in reference to the orbit ay and origin a, 
therein, by 

6, the longitude of node, 

E, the departure of node, 


®, the inclination, 


and, finally, the position of the body in reference to the orbit ay, and origin m, 
therein, by 
r, the radius vector, 


v, the longitude, 
y, the latitude. 


It is required to find the expression of T, the Vis viva function, or half square of 
the velocity We may imagine the rectangular axes 4(9»Z» %1¥Yi%, %¥2%, the positions 
of which are determined as above, and the rectangular axes 24323, that of æ, passing 
through the body, that of y, lying in the orbit 2%, 90° in advance of the body or 
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passing through the pole of the latitude circle, and that of z, in the latitude circle 
90° above the body. Or considering 23, Ys, 2, as points of the sphere, their positions 
in reference to the orbit z,y, and origin æ, therein are determined as follows, viz., 


for a, longitude is v  , and latitude y , 
Yz » v a 90° » 0 , 
Z3; » v » yc 90°. 


and we may suppose that (a, Yo, Zo) (£5 Jo a) (Las Yor Za) (X ys Z) are the 
coordinates of any point in reference to these sets of axes respectively, the coordinates 


of the body in reference to the axes 49,2, being obviously (r, 0, 0). 
The displacements in the directions of the axes #432; respectively of a point the 
coordinates of which are 2, Ys, z,, are as usual 
da  (— Rys + Qz;) dt, 
dy; + (— Pz; + Ra) dt, 
dz, + (— Qu; + Pys) dt, 


where the expressions of the rotations P, Q, R are as follows, viz., 


Pdt= siny 
+ cos y [sin (v — È) sin ® dO + cos (v — €) dẹ] 
+siny[ — dX + cos ® dO ] 
+ {cos y cos (v — E) } [sin (© — e^) sin Q$' d’ cos (O — c^) d$] 
+ {cos y sin (v — X) cos  — sin y sin ®} [cos (9 — o^) ein $/ dO’ sin (® — o’) d$] 
+ [eos y sin (v — X) sin b + sin y cos b] [ — do’ + cos $/ dl ] 
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Qdt = — dy 
+[cos (v — =) sin ® dO — sin (v - X) d^] 
— sin (v — X) [sin (9 — c^) sin $' dO’ + cos (O — a’) d$] 
+ eos (v — È) cos ® [cos (8 — a’) sin $' dÓ' — sin (O — o’) d$] 


--eos(v — E)sin P[ — — de' + cos Q' dl’ i 
Rdt= cos ydv 
— sin y [sin (v — E) sin P dO + cos (v — X) dd] 
+cosy[  — dE cos b dO ] 
+ {— sin y cos (v — È) | [sin (0 —o’) sin $' dO’ + cos (© — a’) d$] 
+ [— sin y sin (v — £) cos ® — cos y sin ®} [cos (O — a’) sin $' d0'— sin (O — e") d$] 
+{—siny sin (v — Z)sin ®+cosycos®}[ | — do’ + cos $' de’ ]. 


For the body itself we must write r, 0, 0, in the place of a, Ys, 23; the displacements 


are therefore 
dr, rRdt, —rQdt; 


and the expression for the Vis viva function is 
T dt? =} (dr? + 7° (Œ + R?) dej 
where Q, R have the above-mentioned values. 


Let Q be a function of the coordinates a, Yə Z% of a point, Q will be a 
function of a, Ys, z,, and also of the quantities ©, 2, ®, 0', o’, ¢’ which determine 
the positions of the axes a, y; 2, and the complete differential of Q will be 

dQ 


a= T fän, MOS i at} 


m zx fay + (— Pz, Eos) at} 
Ys ; 


dQ 
zi dz, 


faz, + (— Qa, + Pys) at} , 


I assume for the present the truth of the following proposition, viz, that when 
Q is a function of the coordinates of the body (in which case, as before, the values 
of &,, Ys, 2, are r, 0, 0), we have 


i) ao 
da, dr’ 
do_1,,,,20 
dy, r J dy’ 
dn — 1do 
dz; r dy 
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Q is here a function of r, v, y, ©, X, Ó, O, c', $, or, as we may express it, 


Q-—Q(r, v, y, 9, EZ, 6, 0, c', d$); and the expression for the complete differential, 
by what precedes, is 


dQ. = dr + Rdt. sec yo -ou$ ; 


or, substituting for Q, R, their values, the expression is 


dQ= = dr 
cos y dv | 
— sin y [sin (v — Z) sin dO + cos (v — X) d] | 
do | +cosy[ —d&+cosPdO ] 
+See Y dy | + {—sinycos(v—) } [sin (8 — o’) sin $'d6' + cos (8 — o’) d] 
+ [—sin ysin(v— Z)cosc —cosysin P} [cos (9 — e^) sin $'d6' — sin (O — o’) d$ | 
+ {-sinysin(v—2)sin®+cosycos®}[ ^ — do’ + cos $'d0' 
= dy | 
t [cos(v—X)sin P dO —sin(v—Z2) dP] 
d = —sin(v— 2) [sin (O—o’) sin $'d6' +cos (O — o^) d$] 
4 +cos(v—%) cos ® [cos(O—o’) sin $'d0' —sin (O — o^) dq’ 
+cos(v—%)sin®[ — do’ + cos Q'd6' 


where, on the right-hand side, the terms involving the differentials of r, v, y, are, 
dO, dQ aQ as 


as they should be, 2 dr rcg, * a 


I have given the complete expression, as it may be useful; but for the present 


purpose it will be sufficient to attend to the terms involving ©, E, b. We have 


dQ dQ. dQ 


jo 19 * as dX + gg d9 
dit 1* sin y [sin (v — X) sin ® de + cos (v "E E) dd] 
ES LAN 4- eos y [ — dX + cos bd, ] 
x [eos (v — ) sin P dO — sin (v— X) dà l 


and consequently 
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a0 _ .do 
dX ‘dv’ 
dQ ; i dQ c m d 
Jo 7 (995 9 — tan y sin (v- X)sin | "T — cos (v — 3) sin D T, 
dQ di. dQ, 
L^ — tan y cos (v — 2) 7; + sin (v — ) d 


which, it is to be observed, are partial differential equations satisfied by Q considered 
as a function of the form Q =Q (r, v, y, ©, X, ©); Q is in fact, a function of three 
quantities only (say the coordinates a, Yo, Z); and it is clear, à prior, that when 
thus ‘expressed as a function of six quantities, it must satisfy three partial differential 
equations. 


I write in the second equation — E for = and I then put y=0; we thus have 
dX dQ dQ, 
cos (v — X) gro ud ds — cosec 56, 
: dQ dQ 
sin (v — È) Pw ib 


I propose, as already mentioned, to apply the formule to the demonstration of 
the results obtained in my Memoir on the Problem of Disturbed Elliptic Motion. 
It wil be remembered that ay, and «a, denote a fixed orbit and’ fixed origin 
therein, my, and a, an arbitrarily varying orbit and origin therein. I assume, how- 
ever, that a, is a departure-point, so that we have —do’+cos¢'dé’=0. The orbit 
ayo wil be taken to be the varying instantaneous orbit of the body itself, that is, 
we have constantly y=0; and it is assumed that 2, is a departure-point in this 
orbit. To conform to my former notation, I write p instead of v; the position of 
the body in the varying instantaneous orbit is consequently determined by 


r, the radius vector, 

p, the departure. 
The entire displacement of the body arises from the displacements dr and rdp in 
the direction of the radius vector, and perpendicular to this direction, in the instan- 
taneous orbit; that is, we have Q=0, R=dp, and the expression for the Vis viva 


function is simply 
Td? = 4 (dr? + r?dp?), 
and, putting in the foregoing expressions of Q and R, y=0, and p in the place of 
v, the equations Q=0, Rdt — dp, give 
cos (p — X) sin $d6 — sin (p — X) d = 
sin (p — È) [sin (80 — o^) sin $'d6' + cos (O — o^) d$] 
— cos (p — È) cos P [cos (O — c^) sin $'d0' — sin (O — c^) dd’), 
dX, — cos dO = 
— sin [cos (O — ^^) sin $/d6' — sin (© — c^) d$]. 
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Now considering r, p, y as the coordinates (y being ultimately put equal to zero) 
the general equations of motion are 


d (dT dT dV 
a ae) ~ de de 
d jdT, dT dV 
à (ap) dp dp' 
d (dTW dT dV 
dt (2; dy dy’ 


if for the moment 7, p, y denote the differential coefficients of r, b, y: the expres- 
259 

sion of the force function V is V=— — +Q where na? denotes an absolute constant, 

the sum of the masses, and the disturbing function Q has a contrary sign to that 

of the Mécanique Céleste. We may in the first and second equations write at once 

Td? = 4 (dr? + r*dp?), and these equations thus become 


Mae a art diri 
T 


If in the third equation we take the general value of 7' and after the differen- 
tiation with respect to 7, make the substitutions y — 0, Q — 0, Rdt — dp, we find 


dT 

dj 
and the equation thus becomes 

dT dQ 

dy dy 


But Tdt= 4 {dr*+ r? (Œ + F>) dt}, consequently 


an. aod ug RAL dR 
-pty Ha Nt E y) EDU ES 


and from the value of R, putting after the differentiation y = 0, we find 
— di --— [sin (p — Z)sin  d8 + cos (p — Z) d^] 
— cos (p — È) [sin (9 — c") sin $' dO’ + cos (O — a’) d$] 


— sin (p — Z) cos [cos (9 — e^) sin $' d0 — sin (O — o^) dq]. 
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I write jS oj We thus have 


didi ^ r? 
dp 
T dt = h, 
and 
dQ, 
the remaining equations are 
dX — cos b d, = — sin ® [cos (0 — c^) sin ¢’d# — sin (O — o^) d$], 


cos (p — Z)sin PdO — sin (p — X) 46 = 
sin (p — X) [sin (9 — o^) sin $'d6' + cos (O — o^) d$] 
— cos (p — X) cos ® [cos (9 — e^) sin $'dÓ' — sin (O — e^) d$], 
sin (p — &) sin PdO + cos (p — X) d = 
1 dO 


-ceos(p- X) [sin (© —c^)sin g'ad + cos (8 — o’) dd] 


— sin (p — X) cos ® [cos (8 — c^) sin $/d6' — sin (8 — o^) dq]. 


Moreover we have 


A dO dQ dQ 
cos (p — È) i nob as — cosec D 75, 
i dQ, dQ 
sin Qe Bp 


by means of which the preceding two equations are reduced to 


eosee ® dQ 
— cot P [cos (0 — o^) sin $'d0' — sin (O — o^) d$], 
cot dO cosec dO 
do =— Y gf pleas C de * 
E [sin (8 — c^) sin $'d6' + cos (8 — o^) d$]; 
and we then have 
cot ® dQ 


— cosec ® [cos (8 — o^) sin $'d0' — sin (0 — c^) dd’). 
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The entire system consequently is 


d (55 D (y= +S 


dt did rib Br’ 
dp 
PTS 
and 
dQ 
dh = dp dt, 
ae = Se? do, — cot (b [cos (8 — o^) sin d/df':«xin (B.—e) dd], 
d=) Ee d — cosee © [cos (8 — o") sini d/dÓ' — sin (O — e") d$] 
cosec ® dQ cot ® dQ vods die, p E 
do =— i 268 9 25 js dt — [sin (© — ø’) sin $/d0 + cos (0 — a’) d$], 
where O — OQ (r, p, ©, Z, ®). We may add the before-mentioned equation, 
dX, — cos bd = — sin ® [cos (0 — o’) sin $' d6' — sin (O — c^) d$]. 


To obtain the formule of my Memoir before referred to, it would only be 


necessary to write À— na?V1— e, and complete the solution by applying to the first 
equation the method of the variation of the elements; but I prefer leaving the 
system in its present form, as it is one which may perhaps be useful. 


The formule have especial reference to the lunar theory, and the orbit ay 
denotes the fixed ecliptic, wy, the varying ecliptic, and wy; the instantaneous orbit 
of the moon. But if, instead of considering with Hansen the instantaneous orbit of 
the moon, the position of the moon is determined (as in the theories of Clairaut, 


Plana, and others) by 
r, the radius vector, 


v, the longitude, 
y, the latitude, 
where the longitude is measured on the variable ecliptic, then if, in the general 
expressions for P, Q, R, we first neglect the terms involving d6', do’, dø’, and then 
write 6’, c^, $', in the place of ©, X, ®, we find 
Pdt — sin y dv 
+ cos y [sin (v — e^) sin $'dÓ' + cos (v — e^) d$] 
+ sin y [— do" + cos ¢’ d6"], 
Qdt = — dy 


+ [cos (v — o^) sin $'d0' — sin (v — o^) d], 
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Rdt = cos y dv 
— sin y [sin (v — c^) sin $ d6' + cos (v — e^) d$] 
+ cos y [—do’ + cos $' dé’ $ 


and with these values the expression for the Vis viva function is, as before, 
Tdt? —1 (dr? + r° (Œ + R?) dt}. 


The longitude may be measured from a departure-point, and then the expressions for 
P, Q, R, may be simplified by omitting the terms which contain — dg’ + cos $'d6". 


Addition. 


I have in the course of the memoir used some properties connected with the 
theory of rotation, but it is proper to give the analytical investigation. 


Suppose that the rectangular coordinates (X, Y, Z) are connected with the 
rectangular coordinates (X,, Y,, Z,) by the equations 


X-aX,-8Y,-vyZ, 
Y-oX -8'Yo-yZ, 
Z-oe"X -8'Y, + YZ, 
then we have 
dX —a dX,-- B dY, +y dZ, - X,da --Y,d8 +Z,dy, 
dY -a dX, B'dY,-- y dZ,-- X, da + Y,d -Z, dy, 
dZ = «'dX, + B"dY, 4- y'dZ, + X, da" + Y, dB" + Z, dy", 
and then, putting 
pdt = yd + dB’ + yd", 
qdt = ady d a de iie a" dey" , 
rdt = Bda + B'de + B"da", 


where p, q, r are the rotations round X,, Y, Z, from Y, to Z, 7,19 X, ond X. 


to Y, respectively, we have 


adX 4-a'dY -- a"dZ =dX,+(—rY, + qZ,) dt, 
BAX + B'dY + B'dZ ^ dY, - (- pZ, +rX,) dt, 
ydX 4 ydY + y'dZ —dZ, t (— qX, + pY,) dt, 


where, considering XYZ as fixed axes, the left-hand sides are the displacements in 
the directions of the moveable axes X,Y Z, arising from the variations of the co- 
ordinates X,Y Z, and the variation of the position of these axes; and these displace- 
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ments have therefore the values given by the right-hand sides. This is, of course, 
well known. It may be added that if the axes XYZ are moveable, and dX, dY, dZ 
denote the displacements in the directions of these axes, the formule are still true. 


Suppose that Q is a function of X, Y, Z; say Q=0(X, Y, Z), we have 


dQ dQ. dQ. 
dO = y dX + gy 4Y + 37 44. 


which may be written 


( dQ, ,49 Az) (adX +a/dY + a"dZ) 


‘art? 


+ (e Sz 8 p B" 57) EAX + PAY + Baz) 


«( dQ, dO ,dO 


y tT JP az) (ydX + ydY + y dZ), 


.and the coefficients of transformation a, f£, y, &c, being independent of X, Y, Z 


and X, Y, Z, the first factors are 1 : SY : AZ. and we have 


dQ 
dQ = dX, [dX,+(—rY,+qZ) dt] 
dQ, 
dQ 
dZ 
which is a theorem assumed in the memoir. 


The expressions of P, Q, R in the memoir depend upon the composition of 
several rotations. If, in Lamé's very convenient notation, we write 


4 4 4 


d a” p" y' 
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to denote the before-mentioned relation between (X, Y, Z) and (X, Y, Z) then the 
tables 


» F; | Z, As Ys Za 
"ed dia T. "E tea. Y 
pue c RI "OE 
gov re y' Bout a p 
lead to the table 
| X, ) Z, 
X| (a, Bo y4, £, A") (a, B, y XB, B, B) (a, B, y )(C,:0, C") 
Y|) @, B, yXA, 4 4") (a, B, Y XB, B, B") (2, B, y X0, €, 0). 
Z (a", B^ yA, A’, A") (a^, B^, YB, B, B") (a^, B^, y" KC, C, C") 


where for shortness (a, 8, y)(A, A’, A”), &c., stand for aA -- 94' --yA", &e. these are 
of course the ordinary formule for the composition of transformations from one set of 
rectangular axes to another. We may say that the coefficients of transformation from 
(X, Y, Z) to (X, Y, Z) are (a, B, y, &c) And in dealing with several sets of 
coordinates, the coefficients of transformation may be distinguished by suffixes. Thus 
I assume that the coefficients of transformation 


from (4, Yo, 2) to (8r, yv, zı) are (a, B, y, &c.)u, 
» (a, Yis 2) » (45, Yo» PA » (a, B, fy; &oc.)i, 
» (a, Yoo Zo) » (4s; Ja; Zə) » (a, B, fy; &C.)oa, 
where (a, 8, y, &c.), can be obtained as above from (a, B, y, &c.), and (a, B, y, &c.). 


The rotations p, q, r may be distinguished by suffixes in like manner, viz, (p, q, rj, 
wil denote the rotations from (a, Yos 2) to (a, Yı, 4) and so on. 


There is no difficulty in obtaining first 
po = pa + (4, ai Ta die (p, q, T), 
Qoz = qus + (8, B5 B^). (p, q, 1) 


ra= Ta + (YY Ye (p, 4; To 
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and then by a repetition of the like transformation 
Pos = Pos + (4, a’, a" os (p, q; r): + (a, a’, a" ys (p, q; Tn; 
qos = qa + (B, BY, 8"). (p, q, rha - (8, 85 8")s (p, qd; x), 
Tos = Yos TG, y, y” )os (p, q; Ts + (y, y; y Jis (p, q, I); 


and in like manner for any number of systems, but for the present purpose this is 
enough, as pe, Gos, rs are in fact the P, Q, R of the memoir. And if 6, o, 9, 
©, E, ®, v, y signify as before, then the coefficients of transformation from (a Yo, Zo) 


to (z,, Y» 4) are given by the table 


wy Yı e. 
&,| cos g’ cos 6’ + sin o’ sin 6’ cos’ | sino’ cos 0' — cos o’ sin 6’ cos ¢’ sin 6’ sin ¢’ 
y| cosa’ sin Ó' — sin o’ cos 6’ cos ¢’ | sino’ sin 6’ + cos o’ cos 6’ cos $' | — cos Ó' sin ¢’ 
Zo — sin o’ sin ¢’ cos o’ sin $' cos ġ' 


and the corresponding rotation coefficients are 
Po d£ = — sin o’ sin $' dé’ + cos a’ dd’, 
qu dí-— coso’sin $ dl’ +sin a’ dd’, 
ra dí = —do'+cos¢' dé. 


The coefficients of transformation from (c, Yı, 21) to (2, Yo, 2) are given by the table 


Hy Yo So 
æı| cos Xcos O + sin X sin O cos ® sin X cos ® — cos X sin © cos ® sin @ sin ® 
Yı | cos X sin O0 — sin X cos O cos ® sin X sin © + cos X cos 9 cos ® — cos ® sin ® 
A — sin X sin ® cos X sin ® cos ® 


and the corresponding rotation coefficients are 
pi; dt = — sin X sin ® dO + cos X, dob, 
qız dt = + cos X sin ® dO + sin E db, 


r dt = — dX, + cos ® dO, 
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and the coefficients of transformation from (8z, Yz, 2) to (#3, ys, 2) are given by the 
table 


Ws ys “3 
Xa | COS V COS Y — gin o — cos v sin y 
Ya sin v cos y cos v — sin v sin y 
Za sin y 0 COs y 


and the corresponding rotation coefficients are given by 


ps dt = — sin y dv, 
23 dt = dy, 
r„ dt= cosy dv. 


From the last two tables it is easy to deduce the coefficients of transformation 
from (a, Yı, 21) to (a, ys, 23), these are given by the table 


L3 Ys 


cos y {cos (v — X) cos 9 — sin (v — X) sin © cos $} + sin ysin Gsin? | — sin (v — X) cos 9 — cos (v — X) sin © cos ® 


cos y {cos (v — X) sin © + sin (v — X)cos © cos $} — sing cos @sin ® | —sin (v — Z) sin O + cos (v — Z) cos © cos ® 


cos y {sin (v — X) sin ® } + sin y cos ® cos (v — X) sin ® 


Z3 


— sin y {cos (v — X) cos 0 — sin (v — X) sin © cos &} + cos y sin O sin d 


— sin y {cos (v — X) sin © + sin (v — Z) cos 9 cos $} — cos y cos © sin ® 


— sin y {sin (v — X) sin ® } + cos y cos ® 


It is now easy to form the values of P, Q, R. We have 
Pdt = sin y dv 
+ [eos y (cos (v — X) cos 9 — sin (v — X)sin © cos ®} + sin ysinOsinc](— sinZsin$ dO -cosX d) 
+ [cos y {cos (v — X) sin @ + sin (v — X) cos O cos P} — sin ycosOsin ](  cosXsindbdO +sin Edo) 
* [eos y (sin (v — X) sin ® } + sin ycos ® ](— dX + cos PdO ) 
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+ cos v cos y (— sin c" sin $' dÓ' + cos o’ dd’) 
+sinvcosy( cosa’ sin $' dO’ -- sin o’ d$) 
+ sin y (— do’ + cos $' d&’ ), 
Qdt = — dy 
+ [—sin (v — X) cos 0 — cos (v — X) sin © cos ] (— sin X sin & dO + cos E d®) 
+ [— sin (v — X) sin 9 + cos (v — X)cos 0 cos b]( cos Z sin  d8 + sin = dh) 
+[ eos(v— X)sin ® ](- dX + cos b dO ) 
— sin v (— sin >’ sin $' d6' + cos o’ dd’) 
+cosv( cos X' sin $' dé’ + sin o’ dọ’) 
+ 0 (—dd’+ cos o'd? ) 
Rdt = cos ydw 
+ [— sin y (cos (v — X) cos — sin (v —Z)sin 8 cos P} +cos y sin Osin b] (—sin sin PdO --cosE dd) 
+ [— sin y (cos (v — È) sin © + sin (v — X)cos 8cos ] —cos ycos@sin®]( cosZsind dO -sinZdó) 
+ [— sin y (sin (v — Z) sin ® }+cosycos® ](—d&+cos@dO ) 
— cos v sin y (— sin g’ sin $' dÓ' + cos o’ d$) 
—sinvsiny( cose’ sin $' dÓ' + sin o’ d$) 
+cos y (— do’ + cos $' d6' ^ 


which are at once reducible into the before-mentioned form. 


; Í dQ dQ da s 
It only remains to prove the expressions for dx dy, ' 2x assumed in the 


memoir. The relations between (a, ys, 2) and (a, Yz, 2;) give 


e COS v COS OO | E Tae dO sin a 
de, | 7 da, Y dy, I dz; 


LL NN dito eaa do 

dys da, dy, i 

2) cea Oe R to do | 
dz, Y da, Y dijs J dz,’ 


these formule apply to any point whatever the coordinates of which to the one set 
of axes are (4, Y2, 2) and to the other set (#3, Ys, 2; and in obtaining them the 
coefficients of transformation v, y are of course considered as independent of either set 
of coordinates. But the coordinates (#2, ys, 22) of the body are 

L, = T COS Y COS v, 


Ya = T COS Y Sin v, 


2, =P sin ¥: 
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and using the foregoing equations in order to introduce into the formule the differential 


dO dQ d dO dQ 


} dQ, : 
coefficients we ay in the place of d qu d we find 


ee Bra v Se — sin y —— 
d Y Gp ~ 7 Sin vsecy ,;-— .cosusi J dy: 


dQ  . dQ 1 Q epa: 
dig oi PROP Mug ha, OY RBM gun s ULP EIL, 


dy, 


es sin 4 e + co ue 
d Y dr T "v dy ` 
Substituting these values we have the required formule 


dQ d. 1 dQ, 


dQ dQ dQ dQ, dO l 
Yd’ da r dy 


1 
da, dr’ dy, r° 
where on the right-hand side Q =Q (r, v, y, ©, X, È, &, c', $’). 


2, Stone Buildings, W.C. 28th Dec., 1858. 


www.rcin.org.pl 


